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When describing aggregation processes in dispersed systems, the Smoluchowski or Becker-Döring models are commonly used. However, mathematical modeling of aggregation processes under conditions of multiparticle collisions and non-uniform spatial distribution of dispersed phase in a flow may be beyond the scope of these models reliability. Previously, the applicability limits of these models in homogeneous high-concentrated dispersions were analytically investigated by authors. Subsequently, a stochastic lattice model (SLM) was proposed. The model aims to overcome the limitation of aggregation to binary collisions only. This paper continues to explore the potential of the SLM model for describing swarming and aggregation processes under conditions of both non-uniform spatial distribution and multiparticle collisions. Unlike previously published author's studies, this work focuses on the assessment of multiparticle collisions probabilities in polydisperse flows. Based on the results of a computer experiment using the SLM, regions and concentration ranges with a high probability of multiparticle collisions were identified. Kinetics of swarming and aggregation in a flow with a non-uniform concentration distribution of the dispersed phase applying to the diffusion-limited aggregation (DLA) were studied. These theoretical results may be especially of interest for the further development of new models and methods for calculating processes and equipment in biotechnology and pharmaceutical productions.
Introduction
[bookmark: _GoBack]Massive multiparticle aggregation is frequently observed in biological systems and this is also characteristic of drug production processes. The paper (Kamiya, 2025) evaluates the role of aggregation processes in polydisperse systems of varying physical nature for the application of inorganic nano- and finely dispersed particles in various fields, such as functional materials and devices, pharmaceuticals, cosmetics, and pigments. Characterization devices and a model method for producing ash particles from pure silica are proposed. The paper (Paoluzzi et al., 2018) studies active particles that absorb mobile particles in the environment. This model reveals a transition from fractal aggregates at low density to homogeneous aggregates at high density. The model exhibits kinetics similar to those of diffusion-limited aggregation, but does not specifically analyse the issue of multiple aggregation. However, the developed approach may prove promising for describing the collective dynamics of active particles under conditions of multiple aggregation. According to the authors, this approach is applicable to collective systems exchanging biological information. When developing a platform for quality control of nanomedicines, it is necessary to consider the massive multiparticle aggregation of nanoparticles. The lack of reliable models for this purpose hinders the development of targeted delivery and personalized nanomedicine (Ferreira et al., 2022). Colloidal aggregation processes play a crucial role at all stages of many drugs development. Particularly challenging are the early stages of drug development, when processes occur at high concentrations of aggregating substances (Ganesh et al., 2018). In the paper (Green et al., 2018), a continuum model of cell culture aggregation in a nutrient medium is proposed. The cells and culture medium are described as a two-phase mixture in a specially created well. A mathematical model is constructed to account for aggregation processes in the presence of chemoattractants. Significant problems arise in situations of mass aggregation, which can lead to uncontrolled pattern formation.
Another characteristic examples of mass aggregation with the formation of clusters, often with a fractal structure, are observed in bodies of water, where aggregation and pattern formation of pollutant particles occurs.
Suspended fine particles in coastal ecosystems can interact with dispersed oil droplets, leading to the formation of oil particle aggregates. The study (Ji et al., 2023) is devoted to the interaction of oil droplets with various types of sediments, as well as with artificial pure kaolinite in natural seawater. The significant role of aggregation processes and the lack of a reliable method for assessing the intensity of such processes are demonstrated. The paper (Pokhrel et al., 2026) examines the highly pressing issue of nanoplastic particles formation and aggregation, which poses a significant threat to aquatic ecosystems. The study focuses primarily on identifying the specific features of the aggregation behaviour of nanoplastic dispersions in aquatic environments. The study (Yang et al., 2022) examines the kinetics of microplastic particle aggregation in coastal zones. The work (Sun et al., 2021b) explores the differences in the aggregation mechanisms of micro- and nanoplastic particles. The paper experimentally and theoretically examines the differences in the aggregation rate coefficients of cations with the same valence. The noted increased interest in environmental issues and modern pharmaceutical technologies has led to the recent publication of a number of works devoted to a more detailed analysis of the kinetic patterns of aggregation processes in dispersed systems and a rethinking of known models (Wattis, 2006). In the paper (Karpov et al., 2006), a three-dimensional continuum model of particle aggregate formation with allowance for the natural conditions of pattern formation in real dispersed systems has been developed. 
The review (Zhang, 2014) presents the basic concepts of aggregation, the mechanisms of fractal aggregate formation, and the thermodynamic aspects of aggregation kinetics. Particular attention is given to the influence of aggregation on the transport and reactivity of nanomaterials. The paper (Nekrasov et a., 2014) provides an interesting theoretical analysis of the aggregation kinetics of colloidal particles with multiple active sites. The model is constructed in the diffusion-limited aggregation approximation and considers only the case of binary collisions. A model of irreversible particle aggregation, both in the absence of long-range interactions and in the presence of repulsive and attractive potentials, was developed in the study (Jungblut et al., 2019). The authors concluded that interparticle attraction has no effect on either the aggregation mechanism or the structure of the aggregates. However, the presence of repulsion led to the formation of more compact aggregates. This conclusion apparently requires further analysis. 
The paper (Sun et al., 2021a) examines the influence of nanoparticle size on the kinetics of their aggregation. It is shown that the modified Smoluchowski theory does not adequately describe the kinetics of aggregation of silicon dioxide nanoparticles with diameters less than 190 nm, even for binary collisions. The main result of the work (Turetta and Lattuada, 2022) is the establishment of the fact that long-range hydrodynamic effects determine the dynamics of cluster aggregation in sedimentation processes, which is especially evident in cases of colloidal interactions. 
The paper (Pereira et al., 2022) examines the influence of particle aggregation in melts on rheological properties. It is shown that exactly aggregation processes are responsible for the non-Newtonian behavior of the media studied in this paper. In the paper (Gomez-Flores et al, 2023), a statistical analysis of databases on the fraction of particle collisions leading to aggregation was conducted. This problem is particularly important in aggregation processes with mixed kinetics, where both diffusion-limited and kinetic stages of aggregation should be considered. It is shown that accounting for mass aggregation is a complex and poorly understood problem. The use of nanoparticles as special additives to nanofluids for increasing thermal conductivity is a highly relevant concept in thermal process control and energy storage (Yu et al., 2026). The aggregation of nanoparticles in the base fluid significantly affects their performance. This paper also addresses modelling and multiscale simulations. It concludes that massive aggregation models need to be developed. 
Another problem related to the applicability of these models is related to their structure. Models based on the Smoluchowski and Becker–Döring equations are formulated as systems of ordinary differential equations and are derived under the assumption of spatial homogeneity. Thus, the kinetic coefficients are supposed to be not clearly dependent on spatial coordinates. In inhomogeneous flows of high-concentrated disperse mixtures, however, this assumption is not strictly valid, since local concentration variations inevitably arise. The indirect spatial dependence of kinetic coefficients can manifest itself through their dependence on local concentrations of the dispersed phase. However, this approach can more or less accurately describe the influence of spatial heterogeneity of distribution on aggregation kinetics only under additional conditions requiring an analysis of the hierarchy of relaxation times of aggregation processes (Brener, 2014). In such cases, introducing spatially dependent kinetic coefficients change the original formulation of these models and may affect them applicability. In contrast, the stochastic lattice model (SLM) directly works with spatial heterogeneity and does not require such modifications.
From the above analysis of current sources, it can be concluded that the problem of choosing a reliable model of multiple aggregation in concentrated dispersed systems remains open. This paper attempts to construct a model and to give novel algorithm for estimating the relative probabilities of binary and multiple particle collisions in concentrated heterogeneous dispersed systems, leading to the formation of aggregated clusters. This paper considers only the case of diffusion-limited aggregation (DLA) (Musabekova et al., 2022). However, the approach based on SLM will allow further to be applied to the case of mixed kinetics (Brener et al., 2017).
Problem statement and model concept
The main special task is to estimate the ratio of the number of collisions with multiplicities greater than 2 to the number of binary collisions for various initial conditions.   
Algorithm description
The idea of the algorithm proposed is to obtain at each calculation a complete picture of the number and multiplicity of particles collisions throughout the lattice. The key points to achieve this result are outlined below.



1. A basic lattice matrix is ​​constructed, the elements of which are the clusters orders in the corresponding cells of the lattice (20x200) covering the space of particle motion, random walking, collisions, and aggregation. I.e., for each matrix element , where is an order of the cluster allocated in the cell (i,j).    


2. For each current state of the basic matrix, a corresponding lattice fullness matrix  is ​​constructed, the elements of which are determined according to a certain rule. If a lattice cell is filled with a cluster, then the corresponding element of the fullness matrix is ​​taken to be equal to 1, and if the cell is empty, then this element is ​​taken to be equal to 0: .  


3. The algorithm consists of temporal steps. At each step, the basic matrix is ​​transformed, and a corresponding new fullness matrix  is ​​constructed based on the new basic matrix.


4. In addition to these two matrices, a third, intermediate matrix is ​​constructed at the any calculation step. It is the collision multiplicity matrix . This matrix is ​​constructed simultaneously with the new transformation of the basic matrix using the same manipulations with the elements of the fullness matrix. These manipulations in the presence of a carrier flow with velocity  can be described by the following formulas for the DLA mode:
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The is a random drift which is determined depending on the cluster order accounting its inertia and according to the procedure described in detail in the authors' previous works (Brener et al., 2017). That is, for each step in the DLA mode a random drift is determined, and the particles that end up in one cell after walking are combined into one cluster, the order of which is equal to the sum of the orders of the clusters that create it. 
The rate of the courier flow as well as the values ​​of random drift along the rows and columns of the basic matrix are normalized to the node of the stochastic lattice covering the field of particle motion, and per temporal step.
Figure 1 depicts the block-scheme of the algorithm described above.
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Figure 1: Block-scheme of the algorithm.  Inscription “drift routs” means the calculations made by formulas (1). 

The code for the algorithm was written in Python.
Results and discussion
Numerical experiments were conducted for the following initial states of basic lattice matrix.


C1.1 - each cell of lattice contains a cluster of order 1, ; C1.2 – the same configuration, but .


С2.1 - staggered configuration, clusters of order 1 fill the lattice through a cell, ; С2.2 – the same, .

С3 - a cloud (5x50) of order 1 clusters filling the left corner of the lattice, .

C4 - uneven initial distribution of clusters in the incoming flow with . Namely: order 2 clusters filling 2/3 of initial cross-section, order 1 clusters- 1/3; the rest of the calculation field is initially free of clusters.   
The Figures 2 - 7 below illustrate a selection of the most representative results of computer experiments conducted to assess the contribution of multiparticle collisions to the swarming and aggregation process in concentrated heterogeneous dispersed systems. The figures show the averaged numbers of clusters of different orders and the numbers of collisions of different multiplicities over the entire calculation field. 
[image: ]                    [image: ]
a)                                                                                    b)
Figure 2: a)- Number of clusters distribution over time.  b)- Number of collisions of different multiplicities: 2,3,4.  
Case C1.1; 1,2,3,4,5,6- clusters orders                            
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       a)                                                                                      b)
Figure 3: a)- Number of clusters distribution over time.     b)- Number of collisions of different multiplicities: 2,3,4.  
Case C1.2; 1,2,3,4,5,6- clusters orders                            
[image: ]                [image: ]
a)                                                                                  b)
Figure 4:  Number of clusters distribution over time.     b)- Number of collisions of different multiplicities: 2,3,4.
Case C2.2; 1,2,3,4,5,6- clusters orders.
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a)                                                                                 b)
Figure 5:  Number of clusters distribution over time.     b)- Number of collisions of different multiplicities: 2,3,4.
Case C3; 1,2,3,4,5,6- clusters orders.
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a)                                                                                          b)
Figure 6:  a)-Number of clusters distribution over time.     b)- Number of collisions of different multiplicities: 2,3,4.
Case C4; 1,2,3,4,5,6- clusters orders.
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Figure 7: The ratio  of the total number of collisions with multiplicities greater than 2 to the number of binary collisions for various initial states depending on discret time 

The results of numerical experiments convincingly demonstrate that the ratio of the total number of high-multiplicity collisions in concentrated dispersed systems to the number of binary collisions can be quite large, and neglecting this ratio is not justified. This is especially true for the initial stages of the swarming and aggregation process. The   simulation by SLM shows also that the uneven distribution of the dispersed phase in the incoming flow increases the ratio of number of high-multiplicity collisions  to number of binary collisions. The overall number of collisions increases too, which can be explained by a decrease in the intensity of random drift with increasing clusters orders. In this case, the increase in the number of collisions occurs due to the increase in the proportion of collisions of lower-order clusters with more inert higher-order clusters. The two-dimensional lattice and DLA assumption are adopted in this work to simplify the description of the novel modification of the calculation algorithm introduced into the SLM model. At the same time, the DLA assumption as well as a lattice planarity are not a critical, fundamental assumptions for the SLM model, as shown in our previous works (Musabekova et al., 2022).
Conclusions
This paper presents a further development of the SLM method, which involves creating an algorithm allowing for the assessment of the multiple collisions contribution to the intensity of swarming and aggregation in dispersed mixture flows at each calculation step. Numerical experiments demonstrate that, in the case of inhomogeneous, highly concentrated dispersions, the ratio of multiple collisions number to binary collisions can exceed 0.5. Although this paper presents numerical results only for a two-dimensional lattice, the data obtained suggest that in some cases, the aggregation process patterns may differ noticeable from those can be described by the Smoluchowski or Becker-Döring models. This supposition applies both to the case of high dispersed phase concentration in the mixture, and to the case of significant heterogeneity in the dispersed phase distribution. The authors have experience describing swarming and aggregation based on a three-dimensional stochastic lattice model. In subsequent studies, this experience will be used to explore the applicability of existing models to physical three-dimensional flows. The most promising application, apparently, will be the application of the developed approach and algorithms to the calculation of the dynamics of swarming and aggregation in biomedical engineering processes, where the use of well-known models may prove difficult.
Nomenclature

 – numbers of the row and the column in the SLM


 – the same numbers in the role of sum  
           indices

– the multiplicity of the collision                                                               
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